Abstract We provide several constructions of special unextendible entangled bases with fixed Schmidt number k (SUEBk) in
Introduction
In 1999, Bennett et al. found that unextendible product basis (UPB), a set of incomplete orthonormal product states whose complementary space has no product states, also can displays nonlocality [1] . Consequently, the notion of unextendible basis has been explored extensively. It is shown that UPB also can be used to construct bound entangled states [2] [3] [4] [5] [6] . In 2009, Bravyi and Smolin introduced the concept of unextendible maximally entangled bases (UMEB), which is a set of incomplete orthonormal maximally entangled states whose complementary space has no maximally entangled states. UMEBs can be used to construct examples of states for which one-copy entanglement of assistance (EoA) is strictly smaller than the asymptotic, and can be used to find quantum channels that are unital but not convex mixtures of unitary operations [7, 8] . Recently, Guo et al. [9, 10] proposed the concept of special unextendible entangled bases with fixed Schmidt number k (SUEBk), which extends the definitions of both UPB and UMEB. An SUEBk is a set of incomplete orthonormal special entangled states with Schmidt number k in
.e., with the same Schmidt coefficients, whose complementary subspace has no special entangled states with Schmidt number k. An SUEBk is a UPB when k = 1 and is a UMEB when k = d.
One of the main topics in this field is the existence of different unextendible bases [7, 9, [11] [12] [13] [14] [15] . Bravyi and Smolin gave a 6-number UMEB in C 3 ⊗ C and gave explicit constructions [12] . There are several recursive constructions for UMEBs, such as a construction of a (pqd
, and a construction of a (pqd [13] [14] [15] . It was shown that SUEBks exist in any bipartite system when 2 ≤ k < d ≤ d ′ [9] . In this paper, we develop more constructions of SUEBks in
In Section 3, we provide a systematic way of constructing SUEBks from a special entangled basis with Schmidt number k, and show that there are more new SUEBks in
In Section 4, we give a recursive construction of a (pqdd
′ for p ≤ q by using permutation matrices. Especially, it generates a (pqdd
there exists an unextendible partial Hadamard matrix H m×d . Our constructions generalize and improve most results in [8, 9, [11] [12] [13] [14] [15] [16] , and provide new SUEBks and UMEBs.
Definition and preliminary
* denote the set {0, 1, · · · , n − 1}, and {a, a, . . . , a} k denote a multiset of k numbers of a. The Schmidt decomposition of a pure state |ψ ∈ 
where {|k } and {|l ′ } are the standard computational bases of 
Definition 2 [9, 10] A set of special entangled states with Schmidt number k
, then |φ can not be a special entangled state with Schmidt number k.
Note that the condition (ii) in Definition 2.2 is a bit weaker than that in [9, 10] , where it states that "if ψ i |φ = 0 for all i ∈ [n], then Sr(|ψ ) = k". Specially, an SEBk is a product basis and an SUEBk is a UPB when k = 1; an SEBk is a maximally entangled basis (MEB) and an SUEBk is a UMEB when k = d [1, [6] [7] [8] . Analogous to SEBks and SUEBks, we give the definitions regarding to k-singular-value-1 matrices.
Due to the one-to-one relation, {|ψ i } is an SEBk if and only if {A i } is an SV1Bk; and {|ψ i } is an SUEBk if and only if {A i } is a USV1Bk.
⊥ denote the complementary space of L, and ⊕ denote the direct sum. Inspired by Lemmas 2 and 3 of [13] , we get the following two lemmas.
Constructions of SUEBks from SEBks
In this section, we introduce several constructions of SUEBks from SEBks in
In the following notations, each L defines a subspace of M d×d ′ which consists of all matrices having zero entries in the specified places. The subscripts of L (i) denote the size of the submatrices consisting of stars for i ∈ [5] , and the size of the bottom right submatrix for i = 6. Let
i×t . We apply Lemmas 1 and 2 to the following four cases.
d×i .
Since k|d, there is an SV1Bk in L
d×(d ′ −i) from Lemma 1. As the rank of any matrix in L (2) d×i is no more than i < k, then there is no k-singular-value-
By similar arguments, we have the following three cases.
Then there is a d
For any k, d and d
′ satisfying the conditions of any of the above four cases, we can construct SUEBks in
, none of the four cases are satisfied. So we can not use this method to construct UMEBs in
We summarize them in the following theorem. Example 1 There is a 28-number SUEB4 in C 6 ⊗ C 7 . Since 4 ∤ 6, we can get a 28-number SUEB4 in C 6 ⊗ C 7 from Case (2) with t = 0. 
Remark 1 Propositions 1 and 2 in [9] belong to our Case (4); Propositions 3 and 4 in [9] belong to our Case (2); Propositions 5 and 6 in [9] belong to our Case (1) and Case (3). But we give more constructions than those in [9] , which can be easily seen from the constructions of SUEB4s in C 7 ⊗C 12 . In fact, Case (3) provides a 72-number SUEB4, a 60-number SUEB4 and a 48-number SUEB4 in C 7 ⊗ C 12 , while [9] only gives a 48-number SUEB4 in C 7 ⊗ C 12 . Also, Our constructions cover all of the results in [8, 12, 13, 16] . See Table 1 .
SUEBpks from SUEBks
In this section, we give a general construction of SUEBpks in
where p ≤ q. We introduce a combinatorial object first. A permutation matrix is a square matrix that has exactly one entry of 1 in each row and each column and 0s elsewhere. By abusing of this concept, for nonsquare matrices, we call a p × q matrix (p ≤ q) a permutation matrix if it has exactly one entry of 1 in each row and at most one entry of 1 in each column and 0s elsewhere. Let J p×q be a p × q matrix with all entries being 1, then J p×q can be decomposed as J p×q = P 0 + P 1 + · · · + P q−1 , where each P i is a permutation matrix. For example, let P l = P 0 T l , l ∈ [q] * , where
′ constructed from Section 3, and k|dd ′ , then there is a (pqdd
Proof Given any decomposition 
is an N -number USV1Bk in M d×d ′ constructed from Section 3. Since k|dd ′ , there is an SV1Bk in M d×d ′ by Lemma 1. Denote it by {B s,t }, where 
This is equivalent to W Y j = 0 for all j ∈ [N ], where
Since det(W ) = 0, we know that
, form all the nonzero singular values of D, D can not be a pk-singular-value-1 matrix. This shows that {C 
Corollary 1 If there is an
Our method is better than the method in [13] [14] [15] since we can choose any decomposition of J p×q into permutation matrices, and choose any different
Example 2 There is a 32-number UMEB in C 4 ⊗ C 9 constructed from a 4-number UMEB in
be a 4-number USV1B2 in M 2×3 that is constructed from Section 3 Case (1) with i = 1:
* , where
Remark 2 Theorem 2 gives a unified recursive construction for SUEBks, including the special case about UMEBs when k = d in Corollary 1. In fact, Corollary 1 generalizes all the recursive constructions about UMEBs in [13] [14] [15] (see Table 2 ): Theorem 1 in [13, 14] , is a special case when d = d ′ and p = q; Theorem 1 in [15] is the case when d = d ′ ; and Theorem 2 in [15] is the case when p = q. Corollary 1 can obtain more new examples than the constructions in [15] , see Example 2.
Remark 3 Corollary 1 can also provide new examples of UMEB in
that are different from the ones constructed in Section 3. This can be easily seen from Example 2. Note that we can also get a 32-number UMEB in C 4 ⊗ C 9 either from Case (1) with i = 1 or Case (4) with t = 0 in Section 3. For both cases, the Schmidt numbers of the states are no more than 1 in the complementary subspace of these UMEBs. However, there is a state with Schmidt number 2 in the complementary subspace of the UMEB in Example 2. 
This paper

UMEBs from partial Hadamard matrices
In [11] , the authors gave a construction of UMEBs in C d ⊗ C d from partial Hadamard matrices. In this section, we generalize this construction to UMEBs in
A Hadamard matrix is a complex square matrix with entries in the unit circle T whose rows are pairwise orthogonal. It is called a partial Hadamard matrix when the number of rows is less than the number of columns. As in Section 4, there is a matrix decomposition
Let L l be the subspace of M d×d ′ which consists of all matrices in M d×d ′ with
and let
, then each H y ∈ L 0 and it is a d-singular-value-1 matrix. Further,
by the definition of Hadamard matrices. So we only need the unextendibility of Z 1 , which is equivalent to the unextendibility of the Hadamard matrix H. where ω = e 2πi 3 , then it is a partial Hadamard matrix that can not be extended to a 4 × 5 partial Hadamard matrix [11] . Let J 5×d ′ = P 0 + P 1 + · · · + P d ′ −1 , Table 3 about a summary of numbers in UMEBs. 
Theorem 3 Given a partial Hadamard matrix
H m×d , then Z 0 ∪Z 1 is a (d(d ′ − 1) + m)-number UMEB in M d×d ′ ifP l = P 0 T l , l ∈ [d ′ ] * ,
